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THE EXPONENTIAL DECAY OF GLUING MAPS AND 
GROMOV-WITTEN INVARIANTS 

AN-MIN LI AND LI SHENG 


Abstract. We prove the exponential decay of the derivative of the gluing maps with respect to the 
gluing parameter, therefore the Gromov-Witten invariants can be defined as an integral over top strata 
of virtual neighborhood. 


1. Introduction 

In the early 90’s, Ruan fT4l introduced a new invariant to the symplectic manifold by counting 
J-holomorphic maps from S 2 to a fixed semi-positive symplectic manifold. Ruan called his invariant 
Donaldson type invariant because he was modeling his invariant on Donaldson invariants. Later 
Ruan and Tian IfTTl Iff8l studied the higher genus case and proved the associativity for the quantum 
cup product and the WDVV equations. Ruan’s invariant immediately captured attention from a large 
community of mathematician and was renamed as Gromov-Ruan invariant [HI, Q or Gromov-Ruan- 
Witten invariant [120TI . In the subsequent year the invariant became commonly known as Gromov - 
Witten invariant. 

Let (M, u) be a compact symplectic manifold. We choose a cu-tame almost complex structure 
J : TM —> TM and fix a homology class A e Let g, m) be the compactified 

moduli space of stable J- holomorphic maps into M of homology class A from Riemann surfaces of 
genus g with m marked points. One can define a topology on AJa(AF, g, m). It is well-known that 
Ma(M, g, m ) is a compact Hausdorff space. 

Ruan’s original definition is a geometric counting of J-holomorphic maps weighted by the order 
of their automorphisms. It has the advantage of being rational numbers. However, his construction 
only works for so-called semi-positive symplectic manifold. In the effort to remove semi-positive 
condition, the technology went on a significant change. For example, the latter approach focuses 
on the existence of the fundamental class. There had been several different approaches to define 
Gromov-Witten Invariants for general symplectic manifolds, such as Fukaya-Ono fS), Li-Tian [fTTTl . 
Liu-Tian ltl2ll . Ruan lfl5ll . Siebert lfl9ll and etc. Since then, almost twenty year has passed. Recently, 
there is a great deal of interest among symplectic geometric community to re-visit the latter approach 
with the purpose to clean up some of issues. This is where we feel that this article can make some 
contributions. 

Let’s describe our technique. Classically, one way to treat fundamental class of an oriented dif¬ 
ferential manifold is to use differential form and its integration. The moduli space is not smooth. 
However, it can be embedded at least locally into a smooth manifold called virtual neighborhood. 
Therefore, the differential form technique can still be applied. The main complication is that the 
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moduli space has various lower strata. How to deal with these lower strata is one of main issues 
discussed recently. Our main idea is that if we can show that the relevant differential form decays 
in certain rate near lower strata, the Gromov-Witten invariants can be defined as an integral over top 
strata of virtual neighborhood. Therefore, all the complication near lower strata of the moduli space 
can be avoided entirely. This technique was first invented by Li-Ruan in the relative theory setting. In 
IflOl the estimates is of order r~ 2 where r —* oo is certain gluing parameter. In this paper we improve 
it to the order of exponential decay. 

When the transversality fails we need to take the stabilization ( we use the terminology ’’regular¬ 
ization” in this paper) and study the perturbed J-holomorphic map (k, u), which satisfies 

BjU + K = 0 

and DS U := D u +k : K u x W 1,p — > L p is surjective, where K u c E\ u is a finite dimensional subspace. 
By a standard regularization procedure (see 116l 4, Til l!) ] ) we get a finite dimensional virtual orbifold 
system 

{([//, C {1,2, ••• ,n}} 

indexed by a partially ordered set (/ = 2'f 1,2 ’"'’©, c). Let A = {A/} be a partition of unity and {©/} 
be a virtual Euler form of {JJ} such that A/©/ is compactly supported in U[ f . The Gromov-Witten 
invariants can be defined as 

(1) ^A,g,m{oi 1 , ...,a! m ) = / J^[ e*Qij A A/©/ 

for a, e II* {EL M) represented by differential form, where e % is the evaluation map. 

It is proved that these integrals are independent of the choices of 0/ and the regularization (see 
0|), if they exist. The key issue is the convergence of the integrals near each lower strata. 

We use the gluing argument. Let b = (m 1 ,m 2 ;E 1 A E 2 , A,.A), where (Ei,ji) and (E 2 ,j 2 ) are 
smooth Riemann surfaces of genus g\ and g 2 joining at q and Ui : Ej —>■ M are J-holomorphic 
with ui(q ) = u 2 {q). We use the holomorphic cylindrical coordinates (sj,fj) near q. In terms of the 
holomorphic cylindrical coordinates we write 

Si — {q} = S 10 (_J{[0, oo) x S 1 }, 


^2 — {q} = S 20 1J{ (— oo, 0] x S 1 }. 

Over each tube the linearized operator D u takes the following form 

r\ r\ 

(2) D u = — + Jo- + S, 


where 


Qk+l q 

ds k dt L D 


—> 0, exponentially and uniformly in t as s —» oo. To recover a Fredholm theory we 


use weighted function spaces W 1,p,a (u*TM). 


For any gluing parameter (r) := (r, r) we construct a surface E (r ) = Ei#( r )E 2 . Then we glue the 
map ( ui,u 2 ) to get the pregluing maps W( r ), a family of approximate J-holomorphic maps. Denote 
by Q b : L p,a —> K b x W 1,p,a a right inverse of DS b . Then DS b{r) is surjective for r large enough. 





THE EXPONENTIAL DECAY OF GLUING MAPS AND GROMOV-WITTEN INVARIANTS 


3 


Moreover, there is a right inverses Q b{r) ■ By implicit function theorem, there exists a small open set 
O of 0 G Ker DS b(r) and a unique smooth map 

f{r) : O ->■ Lf a {u[ r) TM <g) A 0,1 ) 


such that for any (k,f) G O 


where 


Put 


Denote 


9j exp U(r) (/i) + P„ (r) ,„K = 0, 

(n,h) = (k,£) + Q b(r) o / (r) (fc,0- 
f?i := KerDS Ul , E 2 KerDS U2 , 1HI = T q M , 


KerDS b := ^ -E 2 . 

H 

We can prove that when r large enough there is an isomorphism 


I r : KerDS b —* KerDS b(r) . 

From I t {k, Cf) + Q b(r) ° f( r ) ° / r (^, C) we get a gluing map from Oj 1 x Oj 2 x O into the moduli space, 
where O is a neighborhood of 0 in KerDS b ,Oj k is a neighborhood of j k , k = 1,2. Then ((;?!, j 2 ), r, r) 
is a local coordinate system in Delingne-Mumford space. We may choose ((ji, j 2 ), r, r, /c, () as a local 
coordinate system in the moduli space. A important estimate in this paper is the following 


Theorem 1.1. Let I G Z + be a fixed integer. There exists positive constants C. h. R 0 and a < 
such that for any ( k , () G KerDS b with ||(k, £)|| < h the following estimates hold 


[ 1 ] 


Q r ( T r (/C, Cf) + Qb{r) ° /( r ) ° 0 


< Ce~ 


lr 


l,p,a,r 


[2] Restricting to the compact set {| s, < i? 0 }. we have 

d 


n ' 2 °dr ( /r ^’ ^ + ® b(r) ° ^ {r) ° Ir<yK ’ 


< Ce 


lr 


where TT' 2 (n,,h) := h for any (n,h) G K b(r) x W r 1,p,a (S( r ); u* r ^TM). 
For the definition of || • || and || • ||i, P ,a,r see (1331) and i 


Corollary 1.2. Let (k, () be as in Theorem \l.l\ denote 


Cf) T Q b (r ) ° /(r) £)) (fiVj h{ r f). 

Then, restricting to the compact set {| s t < R {) ), we have 


(3) 


d _ !l 

fr ex P» w h (r) <Ce a s. 


We use these estimates to show the convergence of the integrals CD). 
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2. Preliminary 

2.1. Fundamental concepts. We recall some fundamental concepts in symplectic geometry (see 
[MS]). Let (M,u>) be a symplectic manifold. An almost complex structure J : TM TM is called 
cc-tame if 

v ^ 0 =>• oj(v, Jv ) > 0 

for every v G TM. It is called cc-compatible if it is cc-tame and 

Uj(Jv, Jw ) = Uj(v, w) 

for every x G M and v. w G T X M. Every cc-tame almost complex structure J determine a Riemannian 
metric 

(4) gj(v, w) :=< v, w >j:= ^ (u(v, Jw) + u(w, Jv)). 


Let (M, w, J) be a closed symplectic manifold of dimension 2 n with cu-tame almost complex struc¬ 
ture. Let (E, j) be a closed Riemann surface. A map u : E —> M is called a (J, j)-holomorphic 
map if du o j = J o du. Alternatively 


dju 


1 

2 


(du + J o du o j) 


0 . 


We will omit j and call u ”J-holomorphic map” later to simplify notations. Since E is closed, 

HE)] G H 2 (M, Z). 

Denote by B the space of fL 1,p -maps u : E —» M with a fixed homology class A G H 2 (M, Z), 
that is 

B = {u G VH p (E,M)H*([E]) = A}, 


where p is an even integer greater than 2. Then B is an infinite dimensional Banach manifold. Lor 
any u G B, the tangent space at u, T U B = W /1,P (E, u*TM). 

Let S be the infinite dimensional Bananch bundle over B whose fiber at u is L p (T,u*TM <g>c 
A 0,1 T*E), the space of L p -section of the bundle u*TM <g>c A 0,1 T*E. The Cauchy-Riemann operator 
defines a smooth Lredholm section dj : B —» £. The zero set of this section 

M = dj\ 0) c B 


is the moduli space. 


The energy of a smooth map u : E — > M is defined as the /A -norm of the 1-form du G 

f2 1 (E, u*TM): 

E( u ) ■— - / \du\jdvols. 

2 Jt, 

Note that the energy density \du\ 2 j depends on the metric on E. It is important that the energy of a 
./-holomorphic map is a topological invariant that depends only on the homology class u*([E]): 


E(u) 



u u. 


In this paper we need the following theorem of exponential decay in liT3l and the implicit function 
theorem (see fPl . lf2T10 : 


THE EXPONENTIAL DECAY OF GLUING MAPS AND GROMOV-WITTEN INVARIANTS 


5 


Theorem 2.1. Fix a constant c G (0,1). There are two positive constant C, and h 0 depending only on 
J, u: and c such that for any J-holomorphic map u : [— R, R] x S 1 —» M with 

(5) E(u, —R < s < R) < h 0l 
we have 

(6) E(u, - B<s<B)< C ie - 2c(R - B \ V 0 < B < R, 

(7) |Vu|(s,t) <Cie- c{fl - |s|) , V |s| < R — 1, 

Theorem 2.2. Let (A", || • ||x) and (Y, || • ||y) be Banach spaces, U C X be an open set and F : X —y U 
be a continuously differentiable map. Let Xq G U be such that D := dFfxf) : X —* Y is surjective 
and has a bounded linear right inverse Q : Y —» X with 1101 < C 2 for some constant C 2 > 0. 
Choose a positive constant hi > 0 such that 

(8) \\dF(x) — D\\ < ViG4(i 0 ), 

where B hl (x 0 , X) = {x G X\ ||a: — x 0 ||x < ^i}- Suppose that x\ G X satisfies 

(9) \\ f ( x i)\\y < INi-^o||v<y- 

Then there exists a unique x E X such that 

(10) F{x) — 0, x — xi elmQ, \\x - x 0 \\ x < ||x - xi||x < 2C 2 ||F(a:i)||y. 

Moreover, write x := Xq + f + Q ° f(f), f G kerD. If F : U —* Y is of class C ( , where £ is a 
positive integer, then f is of class C e . 


2.2. Weighted sobolev norms. Let S = (E,,) be a semi-stable curve. Denote by Q = {p ly ...,p u } 

o o 

the set of nodal points of E. Put E= E — Q. Let u :E—>• M be a J-holomorphic map. We choose 
cylinder coordinates (s, t) near each nodal point p,. Over each tube the linearized operator D u takes 
the following form 

r\ r\ 

(11) D u = — + + S. 

It follows from Theorem 12.II that | Xu\ —> 0, exponentially and uniformly in t as s —> 00 . By the 
elliptic regularity we have, for any k > 0, 


( 12 ) 


E 

i-\-j=k 


d k S 

d i sdH 


< C k e~ cs 


for some constants C k > 0. Therefore, the operator H s = ,/ 0 ^- + S converges to II^ = J 0 ^. 
Obviously, the operator D u is not Fredholm operator because over each nodal end the operator 11^ = 
Ja Y h as zero eigenvalue. The ker H ioo consists of constant vectors in T p .M. To recover a Fredholm 
theory we use weighted function spaces. We choose a weight a for each end. Fix a positive function 
W on E which has order equal to e a ^ on each end, where a is a small constant such that 0 < a < c 
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and over each end — a = Jo ^ — a is invertible. We will write the weight function simply as e a ^. 

For any section h G C°°(E; u*TM ) and section rj G f } 0,1 (u*TM ) we define the norms 

\ i/p / r \ V 2 

(\h\ p + | Wh\ p )dpj + Ij e 2a ^(\h\ 2 + \Vh\ 2 )dp\ 

(14) \\v\\p,a= + (^e 2a|s| |r 7 | 2 d/x) 

for p > 2, where all norms and covariant derivatives are taken with respect to the metric ( ) on u*TM 
and the metric on E. Set 

(15) C(E; «7M) = {li6 C°°(E; u*TM ); ||/?||i, p , Q < oo}, 

(16) C(u*TM ® A 0 ’ 1 ) = {?/ G O 0 ' 1 ^*™); ||77|| Pia < oo}. 

Denote by fF 1,p ’"(E; u*TM ) and L p,a (u*TM® A 0,1 ) the completions of C(E; u*TM ) and C(u*TM® 
A 0 ’ 1 ) with respect to the norms (fl3l) and (fl4l) respectively. 

The operator D u : VF 1,p, “ —> L p, “ is a Fredholm operator so long as a does not lie in the spectrum 
of the operator H ioo for alii = 1, • • • , u. 

Remark 2.3. The index ind(D u , a) does not change if a is varied in such a way that a avoids the 
spectrum of H ioo . Conversely, the index will change if a is moved across an eigenvalue. We will 
choose a slightly larger than zero such that at each end it does not across the first positive eigenvalue. 



For each nodal point = 1,..., u, let h i0 G ker H ioo . Put = (H loo ,..., H uoo ), h 0 = 
(h 10 ,..., h v0 ). We choose a normal coordinate system near each nodal. h 0 may be considered as a 
vector field in the coordinate neighborhood. We fix a cutoff function p: 


e(s) 


1, if M > d, 

0, if |s| < f 


where d is a large positive number. Put 

ho = Qh 0 . 

Then for d big enough h Q is a section in C°°(E; u*TM) supported in the tube {(s, f)| |s| > G S 1 }. 
Denote 

W 1,P,Q = {h + ho\h G W 1 *'*, ho e ker Hoc}. 

We define weighted Sobolev norm on W 1 ' p ' f> by 


II (h, ho) ||s,i,p,o 


||^||s,i,p,q + \K 


Let E = Rx5 1 , f = Sx M 2n . Let n : E — y E be the trivial vector bundle. Consider the 
Cauchy-Riemannian operator D on E defined by 

r\ O 

(17) D = — + Jo Ff + iS', 

where S(s, t ) = (S tJ (s, t)) 2 n x2n is a matrix such that ( ITU ) hold. Therefore, the operator H s = ,/ 0 J- + .S' 
converges to Hoc = as s — » oo. We choose weight a for each end as above and define the space 

W /Lp,«(s ; E) and L p ’ a (E ® A 0 ’ 1 ). 
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By an observation of Donaldson we know that the multiplication by W gives isometries from 
PL 1 ’ 2 ’" to W 1 ' 2 and L 2 ’" to L 2 , and 

(18) ll/lka = \\Wf\\ L2 , C- l \\Wf\\ w u, < ||/|| 1)2 , q < C\\Wf\\ w ^. 

Consider the operator 

D : 1C 1 ’ 2 ’" ->• L 2,a . 

It is equivalent to the map (see lf5ll,P59) 

r) 

D w ■= D - — log W = WDW- 1 : PL 1 ’ 2 -> L 2 . 
os 

Let h G 1C 1,2 ’" be the solution of the equation Dh = r), where p G L 2 ’". Obviously, 

D w (Wh) = WD{W~ l Wh) = Wp. 

Let p = IC 77 , f — Wh. Then / satisfies the equation D w f = p. 

We consider the operator D — a\ 1C 1,2 —> L 2 . We write D — a = -j^ + L + S, where L := J 0 — a 
is a invertible elliptic operator on S 1 when 0 < a < 1 . 

The space L 2 (S' 1 ) can be decomposed two infinite spaces H + and H~ (see P33 in Q), where 

H + = a n e^~^ nt \n > 0 j , H~ = {j^a n e v=Tnt |n< o} . 

Since L is an invertible operator, there exists a complete eigen-function space decomposition such 
that L(j)\ = \(j)\ where |A| > <5 for some 5 > 0. Obviously, A G Z — a. By choosing 0 < a < 1/2 we 
have a = min | A |. 

The following lemma can be found in [[53: 

Lemma 2.4. For any 0 < a < | there exists a constant C 3 > 0 such that for any h defined on 
( 0 , 2 Ir) x S 1 satisfying = 0 , we have 

(19) II h |{( So , 2 Zr-s 0 )xS 1 } ||l,p,o < aS °\\hh,a, 1 < S Q < W. 

3. Gluing theory-Pregluing 

We only consider gluing one nodal case, for general cases the gluing are the same. Let b = 
(tti,tt 2 ; Si A S 2 , ji,j 2 ), where (S 1; jf) and (S 2 , j 2 ) are smooth Riemann surfaces of genus g\ and 
g- 2 joining at q and tq : Ej —* iff are J-holomorphic with ufiq) = u 2 {q). Let zu i — 1, 2, be the local 
complex coordinates of E, ; with z a (y) = z 2 (g) = 0. Without loss of generality we fix the complex 
structures jj, j 2 . The neighborhood of Si A S 2 G .A/f g>m is given by 

= w ;= e -*-W=Tr m 6 C. 

Put R = 2/r, l G Z + . We will use (r, r) as the local coordinates in the neighborhood of Ej. A S 2 G 
Let 

Zi = z 2 = e S2+2,rvCIf2 . 

(sj, ti ) are called the holomorphic cylindrical coordinates near q. In terms of the holomorphic cylin¬ 
drical coordinates we write 


Si — {<?} = Sio |J{[0, oo) x S' 1 }, 
S 2 -{g} = S 20 |J{(-oo,0]x > S 1 }. 
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For any (r, r) we construct a surface E( r ) = Ei#(,.)E 2 as follows, where and later we use (r) to 
denote gluing parameters. We cut off the part of E* with cylindrical coordinate |sj| > and glue the 
remainders along the collars of length hr of the cylinders with the gluing formulas: 

(20) si = s 2 + 2 Ir 

(21) t 1 = t 2 + t. 

We glue the map (u±, u 2 ) to get a map uy) from E( r ) to M as follows. Set 


Mi on EioU(Oi,fi)|0 < si < |,fi G S' 1 } 

ui(q ) = u 2 (q) on {(si,fi)|^ <s 1 <^,t S' 1 } 

u 2 on E 2 q U{( s 2 , ^ 2 )10 > s 2 > £ S’ 1 } 


To define the map U( r) in the remaining part we fix a smooth cutoff function /3 : M —>■ [0,1] such that 


P(s) 


1 if s > 1 
0 if s < 0 


and \Jl — f3 2 is a smooth function, |/3'(s) | < 2. We assume that r is large enough such that u* maps 
the tube {(s;, f) | |sj| > y, ti £ S' 1 } into a normal coordinate domain of ufq). We define 


Hr) = Mq) + (p ( 3 - (wi(si, h) - m(q)) + P (^- - 5^ (u 2 (s 2 , t 2 ) - u 2 (q))^j . 

By using the exponential decay of Ui one can easily prove that U( r) are a family of approximate 
J-holomorphic maps, precisely the following lemma holds. 


Lemma 3.1. 

( 22 ) \\dj(u { r))\\ P , a ,r<C 4 e-^- a ^. 

The constants C 4 in the above estimates are independent of r. 

For any 77 £ C°°(E( r y, uHTM® A 0,1 )), let r]i be its restriction to the part Ej 0 U(( s l U)\ | s *| < 
extended by zero to yield a section over E*. Define 

(23) ||^7||p,«,r II Si,p,a T ||'^2 II S2,p,a- 

Denote the resulting completed spaces by U‘: a . 

We define a norm || • ||i,p, Q , r on C°°(T,^ r y,u*^TM). For any section h £ C°°{Tiy.yuHTM), denote 

(24) ho— / h(lr,t)dt, 

Js 1 

fti = (ft - h„)/3 (f - a) 
ft 2 = (ft-ft„)(l-/J(|-a)). 


(25) 

(26) 
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We define 

(27) || ^|| l,p,a,r ||^T T I ^2 ||x2,l>P> Q l^o|- 

Denote the resulting completed spaces by W r 1,p, “. 

We introduce some notations. Choose the cylinder coordinates near nodal points. Denote 

Di(i?o) = U {(si,ti )| |sj| < i? 0 }, i = 1, 2, 

D( j Ro) = ®i(7?o)|J I) 2(7?o). 

Choose Ro such that 

2 

(28) 22 E(ui\ | 5i | > f) < f< f, 

i=l 

where C\ , ho and hi are constants in Theorem 12.11 Theorem 12. II and Theorem 12.21 respectively. We 
let Ir » 4R 0 . 

For any p E M and £ 6 T P M we denote 

^p(£) : T P M -A T exPp ^M, 

(29) + U=o ■ 

Lemma 3.2. There exists h 2 > 0 such that for any J-holomorphic map v : E( r ) —> M with v = 

ex P U(r) W, if 

(30) ||/i | 2 )(i? 0 )|| cl < h 2l 

then for any 0 < a < c 

\\h\\l, p , a ,r < f, 

where c /.S’ the constant in Theorem \2.1\ 

Proof For h 2 small enough, we have [i>(E( r ))] = [u( r )(E( r ))] = ^[uj(Ej)]. Itfollows that Y/ E(ui) = 
E(y). Then 

VI E(v; |sj| > Rq/2) 

= 22 E(ui ; |sj| > Rq/2) + 22 i E ( u i'i l s *l < Ro/2) - E(v; |s*| < Rq/2)) 

< 22 E ( u ii l s *l > -Ro/2) + 22 [ 2\E Ui (h)\7h\\'Vu i \ + \E Ui (h)\7h\ 2 dsdt 

J\si\<Ro/2 

< 22 E ( Ui 'i l s *l — -Ro/2) + e 22 \h |x>i(Ro) leu 

where we used Vv = P Ui ^ v \7ui + E u f h)Vh. when |sj| < Rq/2. It follows that 

E(v,Z {r) -V(R 0 /2))<^, 

when 0 < h 2 < jjfe. Then by Theorem I2TI we have 

(31) |Vn |s (r) - 0 (Ro) I < Ci e cRo ^ 2 , \Vui |s w -d(r 0 ) I < E t e cR °^ 
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for all R 0 < |sj| < Ir — R 0 . Together with (l30l) we have 



when h 2 small enough. Then lemma follows. □ 


The lemma can be generalized to the case of gluing several Riemann surfaces and several nodal 
points. 


4. Gluing theory-Regularization 

It is well-known that if D u is surjective for any b = (u, (£, j); y) G Ma(M, g, m), then Ma(M, g, m 
is stratified by smooth orbifolds. When the transversality fails we need to take the stabilization ( we 
use the terminology ’’regularization” in this paper). In [fT6l and IflOfl the authors outlined a regulariza¬ 
tion procedure. In ® Chen and Tian introduced a class of new objects ’’virtual manifolds/orbifolds”, 
developed the integration theory and discussed systematically and more clearly the regularization pro¬ 
cedure for both Fredholm system and orbifold Fredholm system. This is a very useful tool to study 
moduli problem. In this section we explain simply the method in HI® and suggest the readers to see 
[01 0 for details. 

4.1. Local regularization. We first discuss the top strata, then consider lower stratas. 

(1) Top strata. 

Let b = (u, (£, j);y) G Ma{M, g,m). Here (£,j) is a smooth Riemann surface of genus g with 
complex structure j. 

We discuss two different cases: 

(1.1) £ is stable. 

Denote by Oj a neighborhood of complex structure j on £. Note that we change the complex structure 
in the compact set D(R 0 ) of £ away from the nodal points. A neighborhood U b of b can be described 
as 

Oj x {exp u (h);h G C(£;?iTM), ||/r|| lp < e}/stab b . 


(1.2) £ is unstable. 

In this case the automorphism group Aut s is infinite. One must construct a slice of the action Aut s 
and construct a neighborhood U b of b. This is done in O. We omit it here. 

We construct local regularization. For simplicity we assume that stab b is trivial. There is a neighbor¬ 
hood V of b such that £ is trivialized over V, more precisely, the parallel transportation P u , v gives a 
isomorphism £\ u —* £\ v for any v G V. Choose K b C E\ u to be a finite dimensional subspace such 
that 

(32) K b + imageD u = £\ u , 

where D u : W 1,p (u*TM ) —> £\ u . Without loss of generality we may assume that every element of K b 
is smooth along u and supports in the common compact subset D(R 0 ). Define a thickned Fredholm 
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system (K h x V,K b x £\ v . S), where 


S(n, v ) = djv + P u - V n G £ v , V (k, v ) G Kb x V. 


By (l32l) . there exists a smaller neighborhood of b, still denoted by V, such that DS( k/i; ) : K b x W 1,p —> 
L p is surjective for any (k,v) G K b x V. 

There are open neighborhoods V b of b for i = 1.2,3 such that 


v b w c y b (1) c v b {2) c v b {2) c y b (3) c v b (3) c y 


and there is a smooth cut-off function /3 b : —>• [0,1] such that f3 b = 1 on V b l> and is supported 


(i) 


in V b . Here V b is the closure of V b . In fact, using the Riemann metric © on M we can define a 
norm || • || on B. We can choose V b ' } as a ball of radius ip centered at b with respect to the norm || • ||, 
where p is a small constant. It is well-known that || • || is a smooth function on B ( see 0). Then it is 
easy to construct the smooth cut-off function /3 b . 


Definition 4.1. A local regularization at b is defined to be the thickened Fredholm system 

{K b x V b 3 \K b x £L ( 3 ),«S) 

v b 

with S(k, v) — djv + fi b P u . v K. 

Then for each // = (k,v) G K b x V^ ] there exists a right inverse 

Q v : L p -A K b x W l ' p 

such that HQb'H < Cj. Obviously, DSy : K b x W 1,p —> L p is also surjective, Qy : L" —> K b x W 1,p 
is also a right inverse of DSy. 

Remark 4.2. In case that stab b is non-trivial, we should consider the orbifold chart n : V h V b . 
We need choose a stab b -equivariant trivialization £\y, a stab b -equivariant K b and a smooth stab b - 
equivariant cut-off function f3 b . Then we can construct a stab b -equivariant local regularization. It is 
more convenient to use groupoid language. 


(2) Lower strata. 

We shall consider a simple case, the discussion for general cases are the same. Let D be a strata 
whose domain has two components (Ei,^) and (E 2 , jf) joining at q. We introduce the holomorphic 
cylindrical coordinates on E, near q. 

Let b = (ui,u 2 ; Ex A S 2 , ji, jf), where (Ei, jf) and (S 2 , j 2 ) are smooth Riemann surfaces of genus 
g\ and g 2 joining at q and Ui : Ej —> M are J-holomorphic maps with ufiq) = u 2 (q). Suppose that 
both (ui, Ej, ji) are stable. A neighborhood U b of b in the strata D can be described as 

O n x O j2 x { (exp Ul (/n + ^ 10 ),exp tt2 (/i 2 + h 20 )) \K G W 1,p,a (T,] u*TM) , 

hi o = h 20 G T ul ( q) M , ||hj||i )PiQ + \h 0 \ < e} /stab u . 

The fiber of £d(M, g , m) —» B D (M, g, m ) at b is L p ' a {u\TM <8) A 0,1 ) x L p,a {u* 2 TM ® A 0,1 ). 
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We use the gluing argument to describe the neighborhoods U b of b in the top strata. Denote Glu To = 
{(r, t)|0 < t < 1, T 0 < r < oo}. Then 

U h = Oj 1 x Oj 2 x GIu Tq x U B (w) 

To<r< oo 

where B(u (r) ,e) = {u G B\ u = exp U(r) (h), ||/i||i, p < e}. 

Again we assume that stab b is trivial. Choose K b = (K u K 2 ) C S\ b = ( S U1 ,£ U2 ) to be a finite 
dimensional subspace such that 

K\ + imageD Ul = £ Ul , iC 2 + image D U2 = £ U2 . 

where D u . : W 1,p,a —> £ Ui . We may assume that every element of I\, is smooth along u, and supports 
in the compact subset D(f? 0 ) of £*• We choose T 0 > i ? 0 so large that for r > T 0 

K b C £\y for a neighbourhood V of b. 

Note that W(r)|| Si |<ii 0 = u i\\si\<R 0 an d supp (K b ) c {|< R 0 }, we can naturally identify K h and 
K b(r y Then P(u( r ), •)l|s,|</.’o K is independent of r for any n e K b . We define a thickned Fredholm 
system and regularization equation as in (1). Then there exists a neighborhood V of b, such that DSy : 
K b x W l,p,a —> L p ' a is surjective for any b' = (k, v ) e K b x V. Then DS b f : K b x W 1 ^’" —> is 
also surjective. 

4.2. Global regularization and virtual neighborhoods. As Ma(M, g,m) is compact, there exist 
finite points &*, 1 < i < n, such that the collection {U b ^} is an open cover of Ma(M, g, m). Set 

n n 

xm = U u h> xf3) = {J u S ) - 

i =1 i=l 

For any I C {1,2,, n}, define 

x;= (A' (3) np|v< 3)N )\ (\Ju£ 

V iei J \jii 

= ^ = I lni (1) . 

i&I 

Then {2fj}/ C { ll2 ,...,n} is an open covering of X® and 

* (1) = u x *- 

/C{l,2,...,n} 

Let 

be a Fredholm system where C7 = A'/ x A"/ and Fj = Kj x Aj.Y, —>• (7/ is a Banach bundle, and the 
section Sj : Cj -A F r is given by 

= djv + y^ J Pb i (v)Pb i -, v (Ki)- 

iei 

Then (Cj, Fj, Sj) is a regular Fredholm system. The collection C = { Cj } forms an infinite dimen¬ 
sional virtual Banach orbifold, F = {Fr} is a Banach bundle over C and S = {5/} is a transversal 
Fredholm section of F. 
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This collection {(C, F, S)} is called a global regularization of the original Fredholm system (£>, E, dj ). 
The Sj 1 (0) is a topological orbifold stratified space. By implicity function theorem every strata is 
smooth. 

The following lemma is proved in 0 [3l . 

Lemma 4.3. There exists a finite dimensional virtual orbifold system for (B. E, dj ) which is a collec¬ 
tion of triples 

{([//, F/,oy)|/ C {1,2, • ■ • ,n}} 
indexed by a partially ordered set (/ = 2 ^ 1,2, 'c), where 

(1) {Uj\I C {1,2, •• • , n}} is a finite dimensional proper etale virtual groupoid, where Uj = 

SIH 0 ). 

(2) {Ej} is a finite rank virtual vector bundle over {[//}, 

(3) {oy} is a section of the virtual vector bundle {Ej} whose zeros {ay 1 (0)} form a cover of 
M a {M, g, m). 

Let Up e be the set of points ((/y) ig /, v) E Ui such that ll K *llp,a — e ; where / C {1, 2,..., n). 

By the standard argument (see lfT3lD we conclude that: 

Theorem 4.4. } is a compact virtual orbifold. 


5. Gluing theory- analysis estimates 

We consider the case of gluing one node, the general cases are similar. Let b = ((ui,u 2 ), A 
E 2 ; jj, j 2 ) E Ma(M, gym), where (E 1; j^) and (E 2 , j 2 ) are smooth Riemann surfaces of genus gi 
and g 2 joining at q and Ui : Ei —> M, i = 1, 2 are J-holomorphic maps such that ufiq) = u 2 (q). 
Denote u = (u 1 , u 2 ). 

For any (n, h, h 0 ) E Kb x W 1,p ’ a (u*TM ), where h = (hi, h 2 ) E W’ 1 ,P, “(E; u*TM), we define 

(33) ||(/t,/l.)|| 1 ,p,a || H | |p,a T || hi || 1 ,p,a T || h 2 11 1 ,p,ai | (n, h, hf) | | (k, h)\ \ l,p,a T I ho | . 

For any (n, h^ r )) E K b x W 1,p,a (u*^TM) we define 

(34) || (^, h( r )) || ||K||p, a + ||^(r) || l,p,a,r■ 

5.1. Estimates of right inverse. 

Lemma 5 . 1 . Suppose that DSbl^xw 1 ^ 01 '■ E b x W 1,p,a —> L p,a is surjective. Denote by Q b : E p,a —y 
K b x W 1,p,a a right inverse of DS b . Then DS b{r) is surjective for r large enough. Moreover, there are 
a right inverses Qb lrj such that 


(35) 

D<S b(r) ° Qb (r) 

(36) 

||Qb w || < c 2 


for some constant C 2 > 0 independent of r. 
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Proof. We first construct an approximate right inverse Q' h( ) such that the following estimates holds 

(37) ll« w ll<Ci 

(38) l|BA w o« w -M||<i 

Then the operator DS b(r) o Q b(r) is invertible and a right inverse Q b{r) of DS b(r) is given by 

(39) = Q'i >r) (DS t(r) o Q' bM )-\ 

Denote 0i = 0(3/2 — jf). Let 02 > 0 be a smooth function such that 0% = 1 — 0\. Given 77 G L^ a , 
we have a pair ( 771 , r] 2 ), where 

Vi = PiV, V 2 = 02V- 

Let Q b (vi, V 2 ) = («6, /&)■ We may write h as (/ii, h 2 ), and define 

(40) h(r) — hi0i + h 2 0 2 - 

Note that on < si < n = 0 and on {|sj| < |} we have U( r ) = Ui, K( r ) = K b , so along it( r ) 
we have /C( r ) = n b . Then we define 

(41) Q b(r) V (fi'(r)j ^(r)) (ft&j/t(r)) ■ 

Since |/?i | < 1 and ||^| < (l37l) follows from ||Q b || < C 2 for some constant C 2 > 0. We prove 

(1381) . Since n b + D u h = rj we have 

(42) DS \r) 0 Qb (r) V = V, N < |- 

It suffices to estimate the left hand side of (l38l) in the annulus (7 < |s,| < f/-. Note that in this annulus 

0i +02 = 1, Kb = 0, D u .hi = rji, 


0iD Ul h\ + 0 2 D U2 h 2 — (0i + 0 2 )V- 
Since near ut(q) = u 2 (q), D u . = d s + J 0 d t + S Ui , we have 

(43) DS b{r) o Q' b(r) 7] - (0l + 0l)r] = K b{r) + D U{r) h {r) - (0\ + 0l)r] 

— (d0i)h\ + 0i(S u (r) — + (d0 2 )h 2 + 0 2 (S U{r) — S U2 )h2- 

By the exponential decay of S' and = 1 we get 


(44) 


DS hr) o Q; w t 7 - 77 


p,Oi,r 


DS, 


V) 0 - (A 2 + ^)v 


p ,a,r 


— - (II^1 lip,a + ||^2||p,a) < - 

nr* x ' x ' ^ 


p,ot,r 


for some constant C 4 > 0. In the last inequality we used that ||Qb|| < C 2 and (hi,h- 2 ) = 7 r 2 o 
Qb(V) - > 12 )- where 7 t 2 denotes the projection into the second component. Then (l38l) follows by choos¬ 
ing r big enough. The estimate (1381) implies that 


(45) 

Then (l36l) follows. 


- < \\DS b . o Q' h II <-. 
2 — 11 w ^o (r ) M — 2 


□ 
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5.2. Isomorphism between KerDS b and KerDS b{r) . Put 

E x := KerDS Ul , E 2 := KerDS U2 , H = T q M , 

Denote 

KerDS b := E 1 ® E 2 . 

H 

For a fixed gluing parameter (r) = (r, r) we define a map I r : KerDSb —* KerDS b(r) as follows. 
For any (k, h. h 0 ) G KerDSb , where h G fF 1,p ’ a (S; u*TM ), we write h = (/ii, h 2 )■ and define 

(46) /i( r ) = /io + (ii/3i + h 2 /3 2 , 


(47) I r (n, H, /Iq) (/t, ^l(r)) Qb( r j ° (/€) ^l(r))- 

Lemma 5.2. I r is an isomorphisms for r big enough, and 

|| 4 -|| < ^ 5 ) 

for some constant C§ > 0 independent of r. 


Proof The proof is basically a similar gluing argument as in J5]|. The proof is devides into 2 steps. 


Step 1. We define a map /' : KerDS b{r) —> KerDS b and show that /' is injective for r big enough. 
For any (n, h) G KerDS b(r) we denote by hi the restriction of h to the part |sj| < Ir + we get a 
pair (h 1 ,h 2 ). Let 

(48) h 0 = h (Ir, t ) dt. 

Js 1 

We denote 

/5[4] = ^(/ii - /r 0 )/3 (air + 1 - asi) + h 0 , (h 2 - h 0 )/3 (air + 1 + as 2 ) + ho^j 
and define /' : KerDS b(r) — » KerDSb by 

(49) /'(«, h) = (k, / 3[h ]) - Q b ° DS b (n, /3[h]), 

where Qt denotes the right inverse of DS b \ KbXW i, P , a : K b x W 1,p ’ a —> L p,a . Since DS b ° Q b = 
DS b \ Kb xw^P’<* °Qb = 7, we have I' r (KerDS b(r) ) C KerDS b . 

Since k and D u (j3(h — h 0 )) have compact support and G L p, “, we have DS b (n, /3[h\) G L p,a . 
Then Q b o D5 6 (/c, /3[4]) G K h x ID’’ivy 

Let (k, /r) G IierDS b(r) such that I' r (n , /i) = 0. Since /i(/i — /i 0 ) G VF 1,p,a and Q b o DS b (n, /3[h]) G 
K b x W 1,p,a , then E t (k, h) = 0 implies that ho = 0. From (l49l) we have 


p,a 


|| I' r (K,h) - (K, Ph)\\ liP7a < Cx\\k + D u (fth)\\ Pta 
— Ci n + f3 (jD u h + D U{r) li + k — D U( ^ r) h — + (dj3)h 

for some constant C\ > 0. Since (k, h) G KerDS b{r) , we have k + D U(r) h = 0. We choose Ir > 4 R 0 . 
As ft|| Si |>_R 0 = 0 and (d\\ Si \<i r = 1 we have k = [5n. Therefore 

\\I' r (u, h) - (^^h)\\ lpa < C 1 \\(d/3)h + /3(S U - S u ( r) )h\\ P:0l . 
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Note that 


S n 


S u (r) if |Si| < 


By exponential decay of S we have 

l\(S u ~ S u ( r) )ph\\ p>a < C 2 e~ c ~2 ||/3/t||i, p ,a 

for some constant C 2 > 0. Since (5/3 (air + 1 — as\))hi supports in Ir < s\ < Ir + and over this 
part 

1 5/3(air + 1 — asi)| < 21a;I, Ir -< 1 ^ 2 1 < Ir, 

a 

5(air + 1 + as 2 ) = 1, e 2a ' Sl ' < e 4 e 2a l S2 l ; 


we obtain 

\\(5/3(alr + 1 - o:si))/ii||p ! a < 2|a|e 4 ||/r 2 ||p,a < 2|a|e 4 || / 3/i||p !Cf . 

Similar inequality for (5(3(air + 1 + as 2 ))h 2 also holds. So we have 


||(0/3)/i|| Pja < 4|a|e 4 || / 9/i||i ! p ia 


Hence 

dr 

(50) II r r (K,h) - (K,ph) ||i,p, a < (4e 4 |a| + C 3 e~ 2 )\\/3h\\ hp>a < l/2\\ph\\ liP>a 

for some constant C 3 > 0, here we choosed 0 < a < and r big enough such that Ir > 4 and 

clr 

C 3 e~ 2 <1/4. Then I' r (n, h) = 0 and (l50l) gives us 

||^||p,a O 5 11/5^11 l,p,a 0. 

It follows that k — 0, h = 0. So I' r is injective. 


Step 2. Since ||Qb (r) || is uniformly bounded, from (1471) and (l36l) . we have 


| I r (hi, H, /?-o) (l(r)) || l,p,o,r C41| DSf),, (k, 


for some constant C 4 > 0. By a similar culculation as in the proof of Lemma 15711 we obtain 


(51) 


C 

\I r (n, h, hf) (n, h(r) ) 11 L,p,a,r F: (|| ^||p,a 4“ | h Q |), 


for some constant C 5 > 0. In particular, it holds for p — 2. It remains to show that ||/i( r )|| 2 ,a,r 
is close to ||(i|| 2 ,a. Denote 7 t 2 the projection into the second component, that is, n 2 (n,h,h 0 ) = h. 
Then ir 2 (kerDSb) is a finite dimentional space. Let /), i = 1,.., d be an orthonormal basis. Then 
F = Y^ / 2 e 2 "l s l is an integrable function on E. For any 0 < e' < 1, we may choose R 0 so big that 


F < e'. 


'\si\>Ro 


Then the restriction of h to |s,j > Rn satisfies 


l|s<|>Hol|2,a L 


< 6 




therefore 


(52) 11 h(r) 11 2, a, r > II ^1 |si|<-Ro II 2,a + |^o| > (1 — || ^|| 2,a + |^o|j 

for Ir > 4R 0 . Suppose that I v (k, h, h 0 ) = 0. Then (l5ll) and (l52l) give us h — 0 and h 0 = 0, and so 
k — 0. Hence I r is injective. 
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The step 1 and step 2 together show that both I r and /' are isomorphisms for r big enough. □ 


5.3. Gluing maps. Following lfT3l we choose the complex linear connection 

\7 X Y = S7 X Y -\J(y x J) Y 


induced by the Levi-Civita connection V of the metric gj. There is a neighborhood V of 6( r ) in 
Ba(M , g, m ) such that £ is trivialized over V, more precisely, P U(r) ,v gives a isomorphism £\ U(r) —* 
£\ v for any v G V. Consider a map 


F {r) : K b(r) x Wl' p ' a {Y {r) -u\ r) TM) —y Lf a (u* r) TM 0 A 0,1 ) 
F(r)( K , h) = P e xp u ^ h,u (r) (dj exp u(r) h + P U{r) ,ex p U(r) /i( K )) • 
Let (/c T , h T ) : [0, 5) —* A' fe(r) x Wr’ p,a (Y^ r );u*^TM) be a curve satisfying 


Ko = n, ho — h, 

By the same method of lfT3ll we can prove 


d 

dr 


ttr |r=0 hi 


dr 


for |r=0 9 


Lemma 5.3. 1.: dF( r )(0) = DS b{r) . 

2.: There is a constant 0 < ho < hi such that for any (n, h) G K b(r) x W^ ,p,a (Y,^ r y, u*^TM) 
with || (k, h)\\ < ho and \\F U(r) (n, h)\\ p , a , r < 2 ho, the following inequality holds 

(53) | \dF (r) (K, h) - dF (r) (0)|| < 

where C 2 and h\ are constants in Lemma \5J\ and Theorem 12.21 


Since the curvature \Rm\ is uniform bounded above, there exists a constant C\ > 0 such that 

|-E p (£)| < Ci for any p G M and £ G T p M with |£| = 1. For any \\(k, h )|| < 8 ^ C2 , 

(54) II (^3 |IpjOtjT - h T ^||p,a,r 

|| OjH(r) ||p,a,r T | E u ^ (fl)d s h ||p ]Cri? - T (h)3th\\p, a ^ r T 11 ^ 11 p,a 

< l|5j«(r) IUr + Cl || («, h) || < C,e-<‘-"A + < Jj, 

when r big enough. Here E U(r) (h) defined in (l29l ) . It follows from (2) of Lemma [53] and (l54l) that 

(55) | \dF( r )(K, h) - DS b(r) \\ < 

Then F^ satisfies the conditions in Theorem 12.21 It follows that for any (k. Q G kerDS b(r) with 
||(«,C)|| < %clo 2 exists a unique (k„,£) such that F^(k v ,^) = 0. Since Q b(r) is injective and 
K b(r) x W r 1,p,Q (S( ? .); uYTM) = imQ h(r) + kerDS b(r) , then there exists a unique smooth map 

f(r) : Ker DS b{r) -A Lf a (u\ r) TM 0 A 0 ’ 1 ) 

such that (k v ,£) = (k, C) + <3& (r) ° /(r)(«, 0- 

It is easy to check that there exists a constant C 6 > 0 independent of r such that 


(56) 


II DS t 


(r) I 


< Co- 


On the other hand, suppose that («„,£) satisfies 
(57) F (r) K,O = 0, ||(^,0II < 


ho 


8(1 + C2Ce)CrC2 
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We write («;„,£) = (a, () + Q b(r) ° V, where (a, () G kerDS b(r) and r] G Lf a (u* r ^TM <g) A 0,1 ). Since 
(«,C) = {I -Qb (r) ° DS b(r) )(K v ,£), we have ||(«,C)|| < g^, then 77 = / (r) (/c, C), i.e., 

(58) (Kv,Z) = (K,C) + Qb (r) °/(r)(«, 0- 
Hence the zero set of F( r ) is locally the form (a, £) + Q b o /( r )(/t, £), i.e 

(59) F(r) ((a, C) + <3fe (r) ° /(r)(«, 0) = 0 
where (a, £) € -Aer DS b(r) . 

For fixed (r) denote 

(V) = {( K ’ h ) G A V) x Wl' p ' a (Y, {r y,u\ r) TM) I a je xp M(r) h + P U(r) ,exp„ (r) fc(«) = o} , 

( 60 ) (^(r); ^.(r)) • ^r(^) C) T Qb ( r ) ° /(r) ° Irfai C))j ^4 8C1C2C5 ' 

Since I r : kerDS b —* KerDS b(r) is a isomorphism, we have proved the following 

Lemma 5.4. There is a neighborhood O of() in kerDS b , defined by 

O = {(a, C) G kerDS h | ||(a,C)|| < M, 
and neighborhoods Oj k of jk, k = 1,2 and i?o > 0 such dzaf 

fj l U (r) ■ Oj 1 X Oj 2 x 0 ^ U b ^ 

defined by 

9l u ( r )(jlD2, K, C) (^(r)j h(r)) 

is a family of orientation preserving local diffeomorphisms, where Ir > 4 f? 0 . 

We may choose ((ji, J 2 ), r, r, a, () as a local coordinate system around b in £/j )€ . We write /( r ) o I r 
as a function f(ji, j 2 , r, r, a, £). As I r is a smooth map we can see that f(ji, j 2 , r, r, a, C) is smooth. 


5.4. Surjectivity and injectivity. 

Proposition 5.5. The gluing map in Lemma l5~4\ is surjective and injective in the sense of the Gromov- 
Uhlenbeck convergence. 

Proof The injectivity follows immediately from the implicit function theorem. We prove the sur¬ 
jectivity. Let T = ((a, h), £( r )) G U b(r) . Suppose that ||ft|| PiQ + |/r| c i(j ) ( i?0 )) < h 2 . By the same 
argument of Lemma lT2l we conclude that (a, h) satisfies (l57l) when ho small. Then there exists a 
unique (n',() F Ker DS b such that 

(a, h) = I v (k , (j) + 0 /(r) 0 Ft(a , C))- 

The surjectivity follows. □ 


6. Estimates of differentiations for gluing parameters 

Let a « c be a constant. In this section we prove Theorem ll.il which is the key theorem of this 


paper. 
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6.1. Estimates of 


dQ b 


(r) 


dr 


First we prove the following lemma. 


Lemma 6.1. Suppose that D is surjective. Denote by Q a bounded right inverse of D. Let h = Qij 
be a solution of Dh = rj over the finite tube (0, 2 Ir) x S 1 . Then for any 0 < a < there exists a 


constant Cj > 0 such that for any 1 < A < -j. 


(61) 


h lr ^ ^ 3lr 
' 2 - - 2 


1 ,p,a 


< C 7 


e - a A + e -c^-A) 


p,a 


+ 


V \tf-A<s<^+A 


p,a 


Proof Denote by x the restriction of // — Sh to the part -j — A < s < -f + A. It is well known that 
Bj 0 : W 1,p,a —> L p ’ a has a bounded right inverse, denoted by Q Jo . Let h = Qj 0 x • Then 


d Jo (h - h) = 0, 


lr_ 

2 


A < s < f- + A. 


Since 


p,a 


7 1 \tf-A<s<^+A 


+ C'ie 




p,a 


p,a 


< 


h \tf-A<s<^f+A 


+ C 2 e 


-c(tr-A) 


p,a 


p,a 


for some constant C 2 > 0, we get 

\\QjoX\\l,p,a A: C*3 

for some constant C 3 > 0. By (fl9l) we have 


V I l f-A<s<^f+A 


+ e 




p,a 


p,a 


h I lr ^ / 3 lr 
1 2 2 


< 


l,p,a 


(h h) \il< s <^ 


1 ,p,a 
+ 


+ 


l,p,a 


2,a 


V \t.-A<s<^+A 


p,a 


— C 4 aA (h h) I Il-a< s <^+a 

for some constant C' 4 > 0. Then the corollary follows from 

||/l ^ 112,o; 5: C*5 ^||^-||p,a T" ||(l||p,a ) 67g1| 'I lip,cn 

for some constant C 6 > 0. 


+ e-^-V 


p,a 


□ 


Lemma 6.2. Suppose that DS b \ KbXW i, P , a : K b x W 1,p ’ a —>■ L p,a is surjective. Denote by Q b : L p,a —> 
K b x W 1,p,a a right inverse of DS b . Let Qb (r) be an right inverse of DSi, (rj defined in (l39l) . Then there 
exists a constant C 8 > 0 , independent of r. such that 


(62) 

and 

(63) 


—n 

d r Wb( r ) 


< Cs 


dr (Q b (r: 


Vr 


< Cx 


l,p,a,r 


I—?7 I 

I dr 'L \ 


\p,a,r 


+ ± 




+ e 


U 


p,ot,r 


r\\p,ot,r 


for any rj r G Lp a . 


Proof. The proof of (l62l) is easy. In the following we prove (1631) . Given //,. G L 2 /\ denote fj r = 

(■ DS b(r) o Q|, w )-V, we have a pair ( 771 , fj 2 ), where f/i = (3^, fj 2 = /3 2 fj r - Set 


Qb(v 1 , fj 2 ) = (. R b , hi, h 2 ), h, r) = hxfix + h 2 /3 2 


Then Q b(r) p r = Q b(r) Vr = («&, %■))• So 


Q r (Q\r)VrJ l| Sj |<f- 


dh. 


dhj 

dr 


dfii 
dr I 1 l Si l —t 




d_ r d_ 

dr ' d r 
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where we used $ | N <ir = 1. As = pijfcfjr + ^ fj r , we have 


(64) 


( dk 

dh\ 

dh 2 ^ 

y dr ’ 

dr 

dr ) 


<6^1 111 1 


9r II p,a,r 


l,p,a 

+ A 




Vr I 4-<|si|<%: 


p,a,r 


In the following we calculate 11 
have 


dfj r 11 

llp,a,r 1 r 


+ 


Vr |^<| Si |<3ir 


. By the same calculation as (1431) we 


p,a,r 


(65) T] r T) r — DSb (r) 0 Qb( r )Vr (A 1 A @2)Vr — 4“ D U( yJl^ (A + /3 2 )^r 

= - aja- 

By the exponential decay 5', i(r) , and 

(66) B/3i | | Si |<L; = 0, |<9/3j| < 'S'rt(r) || Si |<^: = S Ui | | Si |<^i, 

we conclude from (1651) that 


(67) 


Vr \lr< M <llz 


< 


p ,a,r 


r/r l^<| Si |<^ 


+ 


c 2 


p,ot,r 


J2 


1 T<N<^ 


l,p,a 


Taking the derivative of (f65l) . by the exponential decay of S U(r) . S Ut . and j^dd t \ < for some 
constant C > 0, we have 


( 68 ) 


p,ot,r 


^ WfM\ p , a , r +^Y.\ h 


* a<m<^ 


1 ,p,a 


+ 


c 4 


E 


dhj | 

dr I y < | | < 


l,p,a 


Applying (1641 ) and Lemma l6Tl with 4 = | we obtain 


(69) C', 

<C 6 

where we use c > a. Then 


p,a,r 

d 


+ 


C 1 




p,a,r 


+ i 

P,Oi,r T 


Vr A< n <i*z: 


lr 

+ e"“T 


p,a,r 


r lip,a 


(70) 


Ok dh\ dh 2 

dr i Qr ’ 


1,P,« 


<C 6 


lr 


I 0 r 7r||p,a,r T r || ?/r |^:<| Si |<2^; ||l,p,a + 6 4 


r ||p,Q! 


Applying Lemma ItTTI with /l = again and using (17771) we get 


(71) 


\n 1 c . I^ 3/r 


lr 


<C 7 [e 


lr 


<C* e 


1 ,p,a 

l,p,a + ||?/ \lr<\ s .\<TW lip,a + r 


l,p,a + ||?/ | 3ir<| Si |<J 


|p,a 




1 ,p,a 


Note that 


^ (Qb {r) Vr) = (lr, E l 1 A + E h iw ) • Then <E2> follows from ([70]) and (ED. 


□ 
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6.2. Estimates of 


dl 


O) 


dr ’ 


Lemma 6.3. Let I r : KerDS' b —» KerDS b(r) be an isomorphisms defined in (1471) . 77? c/? t/rere exists 
a constant Cg > 0, independent of r, such that 

{12) \\-^{Ir(^Khg))\\ lpar < &|| |k<| Si |<^ || l,p,a < V e_(C ~“ )l ’ll( K ’ /i )lkp,«, 

for any (k, h, h 0 ) £ KerDS b . 

Proof. By definition of I r , we have 

h, ho) = (o, + l (Q V) ) DS 6w ( K , ft w ) + Q tMi § (oS^k, V)f 

Note that jphp) = YhjpPiK- A direct calculation gives us 


(73) 

By 


DSb( r) (n, hp)) — (dfi\)h\ + /^(S^, . — S' ttl )/ii + + f 2 {S U(r) — Sufjhg. 


we have supp DSb (r) {n, hp)) C {(f < |sj| < ^}. Since 


3/r 1 


(l^ (r) l + kk) l| 


<N<^ - Ce ‘ 2 > 


the lemma follows from ||Q b , || < C 2 , 


d r Q\r) 


< Cg. □ 

6.3. Estimates of J6 () + Qb(r)f(r){I r { K , C))]• From the Implicity function Theorem we have 

(74) l|/(r)(^r(K > 0)IUa,r < <37(11 («, C) ||l,p,a + ||5jW( r )||). 

For any small (k, () £ kerDS b , exp u . ( converges to a point as |sj| —> oo. It follows that S exPu ^ 

converges to zero exponentially. Since (k, ht r \) satisfies (1771) with d i r = 0, by (l89l) and (1911) we 

l « l |>-2 

conclude that in the part ^ < |sj| < ^ 

(75) |S exiV)fc(r) | < C ie - C 2, |5 nw | < C ie -4 

for some constant C\ > 0, when r > 4/? 0 . 

Without loss of generality, we will fix a complex structure (ji, j 2 ) to simplify notations. We write 

(76) / r (K, (f) T Qb(r) ° f(r) (7r(^7 {{)) (^V> ^(r)) 

where K r £ K b ( r p h ( r ) £ u* r ^TM). Denote v = exp U(r) /i( r p We have 

(77) <9/ exp U(r) /i (r) + k' t = 0, where re' = P U(r) , v n r . 

Put 


D_ 

Dr 


eX P« (r) ^(r) = (7, 


d_ 

dr 


P ft- ) = vp 

J U( r '),v rv r l ^ • 


G can be written as 
(78) 


Ou^r) . t-i / 7 \ 9/l( r ) 


67 — Pu,( r ),v Q r + <9r • 

Here E’ U(r) (7/ (r )) defined in ([29b . Taking differentiation of (1771) with respect to r we get 
(79) Z> W G + = 0. 

We may write (1791) as 


(80) 


Pv, Hr) (775( K /, i „)( v k, G)) — DS b 


d_ 

(r) V dr 


(Kr, ^l(r)) 
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+DSk 


d 


(fn I (r )) ^ O' 


(r) V dr 

Lemma 6.4. Let 8 > O be a constant such that 4<5C 8 < 1 where C 8 is the constant in Lemma 16.21 Then 
there are two constants 0 < h b < h 4 and R\ > Rq depending only on 8 , a. j and the geometry of M, 
such that for any r > Ri and ||(k, £)|| < h 5 , we have 


( 81 ) 


Pv,u (r) (DS {KriV) (%G)) - DS bi 


d_ 

M l Qj- 


^( r )) 


p,a,r 


< s 


d 


Q r i. K ri ^(O) 


lr 


+ C 10 e- {c ~ a) 2 , 


l,p,a,r 


for some constant C io > 0 depending only on Ip, R \ and the geometry of M. Here Ip is the constant 
in Lemma 15.41 


Proof By (1781) 


(82) 

where 


P v , U(r) (DS WriV) (y, G)) - DS b(r) (£ ( Kr , h {r) )) < (I) + (//) + (III), 


(II) = 


(I) Pv,U( r )DvII' U ( r - ) (h(r)) Q r 

3 , (HI) = 


p,a,r 


dh( r ) t~\ dh^ r ^ 

Ur 


Pv,u (r) D v P U ( r ),v Q r u (r) 


p,ot,r 


u (r) dr 

d 


p,ot,r 


d 


Fv ’ u (r) Q r (Pu (r) ,vKr) Hr 


p,cx,r 


We calculate (I). There is a constant C\ > 0 depending only on the geometry of M such that 
(83) (/)< C' 1 ||fy r) || 1 , JW 


dh( r ) 


dr 


l,p,a,r 


Essentially, this estimate has been obtained by McDuff and D. Salamon ( see (3.5.5), P68, [dll ') we 
omit the proof here. 

Now we calculate (II). It follows from the definition of U( r ) that supp (jpyp-'j C {y < |sj| < 

By Theorem 12. II and a direct integration we get 


du, 


(r ) 


dr 


+ 


(^)|<C 2 e- c N, V%<\ Si \<lr, 


for some constant Co > 0. Hence there exists a constant Co > 0 such that 


(84) 

Finally we estimate (III). 


(II) < C 3 e- (c ~ a) ^. 


(85) 


(HI) = 




v,U( r ) ftp 
\ lr 


■ K r 


< C 4 


p ,a,r 


du 


(r) 


dr 


K r 


T C 4 


p,a ,r 


K r 


dh 


(r) 


dr 


p,a ,r 


<C',e" (c " a) ^ + C, 


51| K( r ) \\p,a 


dh 


(r) 


dr 


1 ,p,a 


for some constants C 4 ,C 5 > 0. Inserting (l83l) . (l84l) and (l85l) into (l82l) . we get 


( 86 ) 


Pv,u (r) (DS {k>) (^,G)) - DS b(r) (J; («r,/l (r) )) 

<C 6 e-( c ~ a ^ + C 7 [e-UY-i + ||( K(r)j h{ 


p,ot,r 


(r))\\l,p,a 


dh 


(r) 


dr 


1 ,p,a 


By (1761) and 


we have 


II (H(r)i h(r)) || 1 ,p,a — 6^8(|| (h, C) || 1 ,p,a 4~ € 


-(c-a)£> 
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Choose h 5 small and R 4 big such that 

C 7 (C' 8 + l)(ft 4 + e- (c - Q) ^ 1 ) < 6 . 

Then the lemma follows. 


□ 


Next we prove the following lemma. 


Lemma 6.5. Let (k,C) £ kerDSi, with ||(k, C)|| C hr,■ where is the constantin Lemma \ 6 A 1 Then 
there exists a positive constants C n such that 


(87) 


fr ° 7 r («, C)|lf<| Si |<IL; 


/ ,lr 

o-h-a) T 


<C n e- (c - a> 4, V l i>R 0 . 


p,a ,r 


Proof. From (1761) and k|| s .|> Ro = 0 we have 


a 5 

(88) /(r)(7r(«, 0) = ( + J U-qI ) fyr) + S U(r) h {r) , 0j exp„ M /l (r) = 0, 


for any |sj| > f? 0 - We denote v = exp (/i( r )). By Theorem 12.11 and the definition of we have 
for any ~ < |s*| < Zr 

(89) |V(« (r) )| <C ie - c|s < 

Since \\(n, /i( r ))|| < C\h 4 and K|| Si |>_R 0 = 0 for some constant C i > 0, we have 

(90) ||fyr)lN>^o|ll,p, Q - Cik 4 . 

Then we have 

E(v; |sj| > Rq) < h 0 , 

when h 4 small. By Theorem 12. II we have for any j < |s*| < Ir 

(91) |Vp| < Cie" c|Sl1 . 

Since Vp = P U(j . ))V (Vii( r) ) + E U(r) (/i (r .))(V/i( r) ), d89j), and (HU) gives us 


(92) 


Eu (r) (9l(r))^(fir) | lr_ < 


Hr) V"\ r )> v 'Hr)\^<\ Si \<lr 
\-l 


< C 2 e- C |sil 


for some constant C 2 > 0. Note that E u (h( r )) 1 is uniform bounded as || ||i j?>jQ!jT - small. Then 


(93) 


V/i 






P,Q 


for some constant C 4 > 0. The lemma follows from 

Proof of Theorem 11.11 From (1761) we have 


and the exponential decay of S U(r) . □ 


c) d c) f d \ 

(94) = ^ ^ Or ° h r )^ r ^ K -> 0) + \Qb( r) T^(f(r)(I r (Kj 0))J • 


795, 


(r) V Or 


(«r,fyr))^ = D 5 6 ( r) + 795 6| 


(r) \Q r (Qb( r ))f(r)(Ir(K, ()) 


+ Qf(f{r)( Ir ( K X)))- 


Then 
















24 


AN-MIN LI AND LI SHENG 


It follows together with (18TT) that 


(95) 

where 


|;(/w(L<XO)) 



d 

< 6 

p,a,r 

— (K r , h(r)) 


v It 


+ C 10 e -^~ a) 2 + (A)+ (B), 


1 ,p,OL,r 


(A) = 


DS, 


d_ 

(r) \ Q r 


Ir (tv, C) 


, (B) = 


p,ot,r 


DS b(r) o Q b(r) ) o f (r) (I r {K, 0) 


p,a,r 


We estimate (A). For any (/ci, /ii), we have 


d_ 

dr 


DS b(r) ) (rei, h±) — — + Ki) — 


as, 


u (r) 


Then 

(96) 

As / r (/c, C) G kerDS b(r) we have 


<9r 


) = ( o, 


dr 
dS, 


hi = 0 , 


dS, 


U( r ) 


dr 


(k i, hi). 


u (r) 


dr 


DS b o J r (/c,C) = 0. 


Then 


D«Si 


(r) V dr 


9 I r (K,C)) + (0,^-)lr(K, C) = 0- 


dr 


asx 


Since T (r) supports in the part ^ < |sj| < Ar, by the exponential decay of S Ui we get 


lr 


Sir 


dr 


(97) 


(A)<C 2 e- f -A\\( K x)h, r ,c 


for some constant C 2 > 0. Next we estimate ( B ). Taking the differentiation of the equality 

DS b(r) o Q b(r) = I 

we get 


, d \ ( dS\ 

ds„ m [ = - ( 0 , 


u (r) 


dr 


■ Qb 


(r) * 


. lr 


Together with (1741) and (1751) we get 
(98) ( B ) < C 3 e“ (c “ a) 2 

for some constant C 3 > 0. Inserting the estimates of (A) and (B) into (l95l) we have 


(99) 

for some constant C 4 > 0. As 


d 


Q r (f(r)i^r(n, C))) 


< C 4 e _(c_ “ ) T + 5 


p,a,r 


d 


Q r { K r,h( r )) 


l,p,a,r 


d d d ( 

— (K r , h( r )) = —I r {K, C) + 7^ \ Qb( r ) ° f(r){Ir[K, 

applying (1631) with r/ = f^(I r (n, ()), we have 

d_ 

dr 



d , , 


d 


lr 

(100) 

— [K r , /t(r)J 

< 

l,p,Q!,r 


+ ^8 

e ~ a 8 + + 


0 )) 


l,p,a,r 


+ Ca 


f r O I r (n, C) |lr<| s ,|<«£ 


< C 5 e~ a i + C 8 d 


d 


Q r ^( r )) 


p,a,r 


l,p,a,r 
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for some constant C 5 > 0, where we used (1721) . (f87l) and (l99l) in last inequality. Then [1] follows from 
4CgS < 1 and (1 1001) . By Sobolev embedding theorem we get [2]. The Theorem 11 .H is proved. □ 


7. Gromov-Witten invariants 


Proposition 7.1. The top strata ofUj is a smooth virtual manifold. 

The proof is standard, we omit it here. 

From section ^4.21 we have a finite dimensional virtual orbifold system {Uj, Ej. 07 } and a finite di¬ 
mensional virtual orbifold {(//} indexed by a partially ordered set (X = 2^ 1,2, c). By Theorem 
\4.4\ {Ut J M)} is a compact virtual manifold. It is well-known that {UifM)} is oriented. 

Let A = {A/} be a partition of unity and {©/} be a virtual Euler form of {Ej} such that A/©/ is 
compactly supported in I// >e ( see SO). Recall that we have a natural maps 

ei : Up e —* M 

(«, («; S,y)) —> u(yi) 

for i < m defined by evaluating at marked points. The Gromov-Witten invariants can be defined as 
(101) = ^ / JJe-CKi A A/©/. 

I •' U I,e i 

for a, e II* (M. R) represented by differential form. Clearly, T' = 0 if ^ deg (a , ) f Ind. 

It is proved that these integrals are independent of the choices of 0/ and the regularization (see 
If4l). We must prove the convergence of the integrals (11011) near each lower strata. 

Let a G H* (M, R) represented by differential form. We may write 

J~J e*«j A A 7 © = y(r, r, £, j)dr A dr A d£ A dj, 

i 

where df and dj denote the volume forms of kerDS\ and the space of complex structures respectively 
and y is a function. Then (??) and Corollary 11,21 implies that \y\ < Cfe c ' 2r for some constants 
Ci > 0, C 2 > 0. Then the convergence of the integral (11011) follows. 
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